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ABSTRACT: A general theoretical framework for the study of anisotropic composition fluctuations about
an ordered block copolymer phase is developed. The approach is based on the idea that, in order to
study the effects of fluctuations around an ordered broken symmetry phase, the theory must be formulated
as a self-consistent expansion around the mean-field solution of this ordered state. A random phase
approximation treatment of the theory leads to anisotropic correlation functions for the system. It is
shown that the calculation of the polymer correlation functions in an ordered phase is equivalent to the
calculation of the energy bands and eigenfunctions for an electron in a periodic potential. This general
method is applied to the lamellar phase of block copolymers. The calculated anisotropic scattering intensity
captures the main features observed experimentally, including the secondary peaks due to fluctuations
with hexagonal symmetry. The origin of the anisotropic fluctuations can be traced to the formation of
“energy” bands, similar to electronic states in solids.

I. Introduction

Block copolymers are fascinating materials with
unique structural and mechanical properties.1,2 Due to
their amphiphilic nature, AB diblock copolymers self-
assemble into a variety of ordered microphases.1-3 At
high temperatures, A and B blocks mix homogeneously
to form a disordered phase. As the temperature is
decreased (or the Flory-Huggins ø parameter is in-
creased), the blocks undergo a spatial segregation.
However, a macroscopic phase separation cannot occur
because the AB blocks are chemically connected at the
junctions. The phase separation is, therefore, neces-
sarily on a mesoscopic scale, forming A- and B-rich
domains separated by internal interfaces. The competi-
tion between the spontaneous curvature of the internal
interfaces and the entropic stretching (or packing) of the
A and B blocks dictates the symmetry of the equilibrium
phases. The symmetry of the ordered phases is con-
trolled by the degree of segregation and the chemical
composition of the copolymers. The segregation of the
blocks is quantified by the product øZ, where Z ) ZA +
ZB is the degree of polymerization of the copolymers,
and ZA and ZB are the degrees of polymerization of the
A and B blocks, respectively. The chemical composition
of the copolymers is quantified by the ratio f ) ZA/Z. A
decrease in øZ drives the melt from an ordered phase
to the disordered phase. Changes in f affect the shape
and packing symmetry of the ordered structure. Be-
sides the well-known lamellar, cylindrical, and spherical
phases,1,3,4 more complicated structures such as the
bicontinuous cubic phase and the hexagonally modu-
lated and perforated layered phases have been recently
identified.3,5,6

Theoretically, the study of diblock copolymer melts
has been based on a simplified, standard model, in
which the diblock copolymer chains are assumed to be
flexible chains obeying Gaussian statistics.7 The poly-
mer conformations are specified by the position of the
monomer, R(t). Each monomer is further assumed to

have a statistical length bR. The hard-core repulsive
interactions between the molecules are accounted for
by an incompressibility constraint where the average
monomer concentration is required to be uniform. The
remaining interactions are modeled by a local enthalpy
term øφA(r)φB(r), where φA(r) and φB(r) are the volume
fractions of the A and B monomers at position r. This
simple model captures the three most important fea-
tures of the system: chain conformation entropy, in-
compressibility, and immiscibility between unlike mono-
mers. The thermodynamics of a diblock copolymer melt
can, therefore, be described by the partition function of
the model. The partition function may be cast in several
equivalent forms. On particularly simple and conve-
nient formulation is to write the partition function of
the melt as a functional integral over the monomer
concentrations φR(r) and two auxiliary fields ωR(r) (R )
A, B).8,9 The functional integral is carried out with the
incompressibility constraint and with an integrand of
the form exp{-F({φ}, {ω})}. The free energy functional
is the sum of three terms: an enthalpic contribution,
an entropic contribution, and a coupling term,

where V is the volume of the system, and Qc is the
partition function of a single diblock copolymer chain
in the external fields ωR(r).9 It is important to note that
Qc({ω}) is a functional of ωR(r). Specifically, the single-
chain partition function Qc is determined by

where the propagators QR(r, t|r′) areX Abstract published in Advance ACS Abstracts, August 1, 1996.

F ) ∫ dr [øφA(r)φB(r) - ∑
R

ωR(r)φR(r)] -

V

Z
ln Qc({ωR}) (1)

Qc ) 1
V ∫ dr1dr2dr3QA(r1, ZA|r2)QB(r2, ZB|r3) (2)
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Physically QR(r, t|r′) is the probability distribution of
monomer t at r, given that monomer 0 is at r′, in the
presence of an external field ωR(r). From the expression
for the free energy functional, it is obvious that there
are two kinds of inhomogeneities in the system. The
first is the inhomogeneity in the polymer concentrations,
φR(r), which leads to an enthalpic contribution to the
free energy. The second is the inhomogeneity in the
field ωR(r), which leads to non-Gaussian polymer con-
formations. These two kinds of inhomogeneities are
coupled. In principle, the partition function of a diblock
copolymer melt could be obtained by evaluating the
functional integral, and the thermodynamics of the
system would be determined. In practice, this is
intractable at present, and a variety of approximation
methods have been developed to study the phase
behavior of the system.
The simplest method for estimating the functional

integral is to use the saddle-point approximation, which
amounts to replacing the functional integral by the
maximum of the integrand. Physically, this approxima-
tion is equivalent to the mean-field approximation,
which ignores the composition fluctuations of the sys-
tem. The mean-field theory of block copolymers is, in
its most general form, a self-consistent field theory
(SCFT). Because of the complexity of the theory even
within the mean-field approximation, numerous ad-
ditional approximations have been developed to solve
the mean-field equations for diblock copolymer melts.
The approximation methods can be roughly classified
into the strong segregation theory10-12 and the weak
segregation theory.13,14 The strong segregation theory
introduced by Semenov10 makes the further approxima-
tion of ignoring chain conformation fluctuations, thus
restricting the theory to the infinite øZ limit. The weak
segregation theory introduced by Leibler,13 on the other
hand, is developed as a Landau expansion of the full
SCFT based on the random phase approximation (RPA)
around the high-temperature, homogeneous phase; thus
the theory is restricted to the weak segregation regime
(øZ ∼ 10). A density functional theory in the form of a
truncated density expansion based on the RPA has also
been developed by several authors.15-19 These density
functional theories give qualitatively correct results, but
they are quantitatively inaccurate. Other approaches,
which involve neither a priori assumptions about the
shape of the equilibrium density profiles nor a truncated
free energy, correspond to solving the mean-field equa-
tions numerically.20-24 Earlier numerical methods20-22

involved further approximations for solving the equa-
tions for the propagators. However, there is no further
approximation involved when the mean-field equations
are cast in terms of the basis functions with the full
symmetry of the ordered phases.23 With the develop-
ment of this plane wave expansion method by Matsen
and Schick,23 the mean-field theory of diblock copoly-
mers can be solved exactly for weak and intermediate
segregation regimes. The mean-field phase diagram of
the standard model for diblock copolymer melts has
been calculated and it captures most of the features
observed experimentally.24

II. Nature of Anisotropic Fluctuations in
Ordered Phases

Comparing with the mean-field results, very little has
been done on the effects of fluctuations on the phase
behavior of block copolymers. The composition fluctua-
tions are ignored in the mean-field approximation, and
a proper treatment of the fluctuations leads to non-
mean-field results. The first work in the block copoly-
mer literature to treat composition fluctuations is by
Fredrickson and Helfand,25 who extended the Brasovskii
theory26 to diblock copolymers. In this work, the Lan-
dau free energy functional of Leibler13 was reduced to
a form considered by Brasovskii,26 and a saddle-point
approximation (the self-consistent Hartree approxima-
tion) was made for the fluctuations. However, this
theory is confined to the weak segregation region due
to the use of the Landau free energy functional. This
work was extended by Mayes and Olvera de la Cruz27
to include the leading wave vector dependence of the
vertex functions but keeping the saddle-point approxi-
mation and remaining in the weak-segregation limit.
More recently, Muthukumar28 studied composition fluc-
tuation effects on the diblock copolymer phase diagram
by incorporating composition fluctuations into a density
functional theory. However, the chain conformations
are treated approximately due to the truncated form of
the free energy functional.
In this paper, we develop a theory for the anisotropic

fluctuations in the ordered phases of diblock copolymers
by a self-consistent expansion around the exact mean-
field solution of the system. The lowest correction to
the mean-field approximation is in the form of Gaussian
fluctuations around the mean-field solution. The ap-
plication of a generalized RPA for the system yields the
density-density correlation functions. The RPA has
proven to be a valuable tool in understanding polymer
systems. Essentially the RPA is a self-consistent ex-
pansion around the mean-field state. The RPA can give
the stability, and the magnitude of Gaussian fluctua-
tions in an equilibrium state. For example, with the
RPA one can predict the scattering function and phase
boundary of homopolymer29 and copolymer melts.13
However, the usual formulation of the RPA assumes a
spatially uniform mean-field state,29,13 whereby the
fluctuations are assumed to be isotropic. If the trans-
lational symmetry is broken, this assumption is no
longer valid. Instead, the RPA must be reformulated
as an expansion around the broken-symmetry mean-
field state. It is obvious that the correct mean-field
solution is crucial for the validity of the RPA, otherwise
one cannot distinguish between approximations to the
zeroth-order solution and contributions arising from
composition fluctuations. The essential result of this
approach is the RPA density-density correlation func-
tion CRPA(r,r′), characterizing the anisotropic composi-
tion fluctuations. The availability of the RPA correla-
tion function enables several important applications:30
(1) The experimentally observed scattering intensity,
which is the Fourier transform of CRPA(r,r′). Our
method accounts for the anisotropic nature of the
fluctuations, and the calculated scattering function
captures the main features found experimentally.6 (2)
The mean-field solution is linearly unstable if any
eigenvalue of [CRPA]-1 is negative. The boundary where
an eigenvalue first becomes zero is the limit of meta-
stability of a particular phase, i.e., the spinodal line for
that phase. The least stable mode at this point domi-
nates the fluctuations. (3) The elastic moduli of the

QR(r, t|r′) )

∫R(0))r′
R(t))r

DR(t) exp[-∫0ZR dt( 3
2bR

2(dR(t)dt )2 + ωR[R(t)])]
(3)

6488 Shi et al. Macromolecules, Vol. 29, No. 20, 1996



ordered phase can be extracted from the behavior of the
scattering function near the Bragg peaks. Significant
corrections to the limiting strong stretching theory
result are found for the experimentally relevant param-
eters. (4) The effect of fluctuations on the phase
diagram can be computed by calculating the Gaussian
fluctuation contribution to the free energy, as demon-
strated by Muthukumar28 using the approximate free
energy functional.
The calculation of the polymer correlation functions

in an ordered phase involves the eigenvalues and
eigenfunctions of the chain Hamiltonian

where ωR
(0)(r) are the self-consistent mean fields of the

ordered phase. Because the chain Hamiltonian has the
same form as the Hamiltonian of electrons in periodic
potentials, the eigenvalue problem for the diblock
copolymers corresponds to the quantum mechanical
problem of electrons in periodic potentials. In particu-
lar, the eigenvalues correspond to the energy bands in
solid-state physics.
As a first step in this study, we have applied the

generalized RPA to the diblock copolymer lamellar
phase and communicated the main results in a short
publication.30 The results are that the anisotropic
nature of the fluctuations is revealed in the scattering
functions, which can be obtained via small-angle neu-
tron scattering. For the lamellar phase, Hamley et al.6
have observed the following from shear-oriented
samples: (1) At low temperature, the scattering pattern
shows meridional Bragg peaks at a wave vector k0 with
higher order reflections at 2k0 and 3k0, indicative of very
small layer undulations. (2) At higher temperatures,
four weak peaks corresponding to the layer undulations
are observed, which shows an approximate hexagonal
order. The periodicity of the in-plane undulations is
about 10% larger than the interlayer spacing. Our
calculated scattering functions for the lamellae capture
all these features.30 In this paper, we give a detailed
exposition of the theoretical framework and illustrate
the physics by studying a simple weak segregated
lamellar phase. We will leave the study of fluctuation
effects on diblock copolymer phase behavior for the
future.
In order to understand the origin and nature of the

anisotropic fluctuations in an ordered phase, we apply
the theory to the weakly segregated lamellar phase.
Close to the order-disorder transition, the mean-field
symmetric diblock copolymer densities can be approxi-
mated by sinusoidal profiles. The resulting eigenvalue
problem has the form of the Mathieu equation. Per-
turbation calculations reveal that there are two sources
of anisotropy: (1) The change in the eigenvalues leads
to a renormalization of the polymer radius of gyration
along the direction perpendicular to the lamellas, and
(2) the appearance of the gap in the eigenvalue spectrum
at the Bragg points leads to the strong resonance peaks.
The organization of this paper is as follows: Section

III describes the model system, the derivation of the free
energy functional, the generalized RPA for diblock
copolymers, and methods for calculating the polymer
correlation functions in an ordered phase. Section IV
applies the theory to the simplest broken symmetry
phase, the weakly segregated lamellar phase. Section

V includes discussions and conclusions. Some math-
ematical details are included in the Appendix.

III. Theoretical Framework
A. The Model and Functional Integral Formu-

lation. We assume that the polymer chains are de-
scribed by the many-chain Edwards Hamiltonian.31 The
degrees of polymerization of the chains are ZA, ZB, with
Z ) ZA + ZB being the total degree of polymerization of
the diblock copolymers. We assume that there are Nc
diblock copolymer chains contained in a finite volume
V. We associate each block R () A, B) with a Kuhn
statistical length bR and a bulk monomer density F0R.
Let RR

i (t) denote the position of monomer t at block R of
chain i. Let r denote a spatial position. The density
profile of the polymers is characterized by the volume
fraction of block R at position r, which can be expressed
in terms of the chain conformation,

where the chevron denotes that φ̂R(r) is a functional of
the chain conformations RR

i (t).
The partition function of the diblock copolymer melt

can be written in terms of a functional integral over all
the chain conformations

where zc is the partition function of a copolymer chain
due to the kinetic energy, and W({φ̂}) t V({φ̂})/kBT is
the intermolecular potential. The integral is over all
space curves RR

i (t). The probability density functional
P0({R(t)}) is assumed to be of the form

where the δ function ensures that the copolymer chains
are connected at one end, and the single-chain prob-
ability distribution p0({RR

i (t)}) has the standard Wien-
er form

We have also introduced, in eq 6, a δ function, δ[1 -
∑Rφ̂R(r)], to ensure the incompressibility constraint for
the system. The interaction potential W({φ̂}) is as-
sumed to have the two-body Flory-Huggins form

For simplicity, we will assume that all the reference
densities are the same and set to unity, F0R ) F0 ) 1.
We also assume that both blocks have the same Kuhn
length bR ) b.
We now introduce the monomer concentrations φR(r)

and two auxiliary fields ωR(r) (R ) A, B) following
Helfand8 and Hong and Noolandi.9 The partition func-

HR ) -
bR
2

6
∇2 + ωR

(0)(r) (4)

φ̂R(r) ) φ̂R(r,{RR
i (t)}) )

1

F0R
∑
i)1

Nc ∫0ZR dtδ(r - RR
i (t)) (5)

Z )
zc
Nc

Nc!
∫DR(τ)P0({R(τ)})∏

{r}
δ[1 - ∑

R
φ̂R(r)] ×

exp[-W({φ̂})] (6)

P0({R(t)}) ) ∏
i)1

Nc

{δ[RA
i (ZA) -

RB
i (ZB)]p0({RA

i (t)})p0({RB
i (t)})} (7)

p0({RR
i (t)}) ∝ exp[- 3

2bR
2∫0ZR dt(dRR

i (t)
dt )2] (8)

W({φ̂}) ) ø ∫ drφ̂A(r)φ̂B(r) (9)
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tion of a diblock copolymer melt in a volume V can be
written as a functional integral over the volume frac-
tions φR(r) and fields ωR(r),

where the δ functions are introduced to ensure incom-
pressibility ∑RφR(r) ) 1. The free energy functional
F({φ}, {ω}) has the form

where Qc is the partition function of a single diblock
copolymer chain in the external fields, ωR(r).8,9 The
chain conformation contribution to the partition function
is contained in the single-chain partition function Qc,
which is related to the propagators of the diblock
copolymer chains, defined by

which is the probability distribution of monomer t at r,
given that monomer 0 is at r′, in the presence of an
external field ωR(r). It is easy to show that these
propagators satisfy the modified diffusion equations8

with the initial conditions QR(r, 0|r′) ) δ(r - r′). In
terms of these propagators, we have

Note that since the propagators depend on the fields
ωR(r), the single-chain partition function Qc is a func-
tional of ωR(r). In order to treat the imcompressibility
and the monomer conservation constraints, we intro-
duce two sets of Lagrangian multipliers9 and write the
partition function in the form

where the grand potential Ω is given by

where φhR ) ZR/Z is the average volume fraction of block
R.
The thermodynamics of a diblock copolymer melt

would be completely determined if the partition function
of the system could be evaluated. The exact evaluation
of the functional integral is, however, a formidable task.
There are essentially two sets of difficulties involved

here. The first is the calculation of the single-chain
partition function Qc to express it explicitly in terms of
the fields ωR(r), so that the chain conformation contri-
butions to the free energy functional are obtained in
terms of ωR(r). The second is the evaluation of the
functional integrals over the polymer concentrations φR-
(r) and the field ωR(r). The simplest method by which
to evaluate the functional integral is the saddle-point
approximation, which replaces the integral by the
maximum of integrand and yields the mean-field equa-
tions. In what follows, we will take the mean-field
solution as the zeroth order solution and express the
free energy functional as an expansion around the
mean-field solution. We then truncate the expansion
at the lowest nontrivial order. The functional integral
is Gaussian at this order and can be evaluated.
As mentioned above, because the single-chain parti-

tion function Qc depends on the fields ωR(r) in an
implicit form, it is useful to write Qc explicitly in term
of ωR(r). This can be achieved by writing ωR(r) in the
form

where ωR
(0)(r) are known functions which will be deter-

mined later as the mean-field solutions of the system.
The propagator can then be cast in the form

where the zeroth order propagators are the solutions of

with the initial conditions QR
(0)(r, 0|r′) ) δ(r - r′). The

fluctuation part δQR(r, t|r′) of the propagators is a
solution of

with the initial conditions δQR(r, 0|r′) ) 0. In order to
obtain a formal solution for δQR(r, t|r′), it is convenient
to define Green functions in the zeroth-order fields
ωR
(0)(r)

It is easy to see that the Green functions defined this
way are related to the propagators in the field ωR

(0)(r)

where θ(t) is the step function. In terms of the Green
functions, the formal solution of δQR(r, t|r′) can be
obtained:

Z ) ∫∏
R

{DφRDωR}∏
{r}

δ[1 - ∑
R
φR(r)] ×

exp[-F({φ}, {ω})] (10)

F ) ∫ dr[øφA(r)φB(r) - ∑
R

ωR(r)φR(r)] -
V

Z
ln Qc (11)

QR(r, t|r′) )

∫R(0))r′
R(t))r

DR(t) exp[-∫0ZR dt( 3
2bR

2(dR(t)dt )2 + ωR[R(t)])]
(12)

∂

∂t
QR(r, t|r′) )

bR
2

6
∇2QR(r, t|r′) - ωR(r)QR(r, t|r′) (13)

Qc ) 1
V ∫ dr1dr2dr3QA(r1, ZA|r2)QB(r2, ZB|r3) (14)

Z ) ∫∏
R

{DφRDωRdλR}Dη exp[-Ω({φ}, {ω},

{η}, λR)] (15)

Ω ) ∫ dr[øφA(r)φB(r) - ∑
R

ωR(r)φR(r)] -
V

Z
ln Qc -

∫ dr[η(r)(1 - ∑
R
φR(r)) + ∑

R
λR(φhR - φR(r))] (16)

ωR(r) ) ωR
(0)(r) + δωR(r) (17)

QR(r, t|r′) ) Q(0)(r, t|r′) + δQR(r, t|r′) (18)

∂

∂t
QR
(0)(r, t|r′) )

bR
2

6
∇2QR

(0)(r, t|r′) - ωR
(0)(r)QR

(0)(r, t|r′)

(19)

∂

∂t
δQR(r, t|r′) )

bR
2

6
∇2δQR(r, t|r′) -

ωR
(0)(r)δQR(r, t|r′) - δωR(r)QR

(0)(r, t|r′) -
δωR(r)δQR(r, t|r′) (20)

{ ∂
∂t

-
bR
2

6
∇2 + ωR

(0)(r)}GR(r, t|r′, t′) ) δ(t - t′)δ(r - r′)
(21)

GR(r, t|r′, t′) ) θ(t - t′)QR
(0)(r, t - t′|r′) (22)
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The formal solution allows us to obtain the solution for
δQR by iteration

where the nth-order solution is

Using the perturbation solutions ofQR(r, t|r′), the single-
chain partition Qc can be obtained as a series in the
δωR’s. Appendix A gives details of the perturbation
calculations. The single-chain partition function term
in the free energy can then be cast in the form of an
expansion

where the coefficients CR1,...,Rn(r1, ..., rn) are the nth-order
cumulant correlation function for a noninteracting
diblock chain in the field ωR

(0)(r). The lowest order
cumulant correlation functions are given in Appendix
A.
In order to proceed, we expand all the variables

around the zeroth-order solution of the system,

In terms of the zeroth-order solution and the δ variables,
the grand free energy functional Ω can be expanded in
the form

where the zeroth-order term Ω(0) is given by

The first-order term has the form

and the second-order term has the form

The higher-order terms have the generic form

It should be noted that there is no explicit ø dependence
in Ω(n) for n > 2. However, there is an implicit ø
dependence because the correlation functions are ob-
tained in terms of the mean fields ωR

(0)(r).
B. Mean-Field Approximation. The mean-field

approximation reduces the interacting chain system to
a system of independent chains in the self-consistent
fields of the other chains. Technically, this amounts to
evaluating the functional integral over ω and φ by the
saddle-function method, i.e., replacing the integral by
the maximum value of the integrand.9 This extremiza-
tion yields a set of mean-field equations, with the
solutions φR

(0)(r) and ωR
(0)(r). Specifically, the mean-

field solution is that for which the first-order term Ω(1)

vanishes. Since the δ variables are arbitrary functions,
Ω(1) ) 0 results in the mean-field equations

In order to obtain exact solutions, these equations must
be solved self-consistently using numerical methods. For
the more complex phases, an expansion in terms of a
complete set of basis functions with the desired sym-
metry is required.
The mean-field free energy is then obtained by insert-

ing the mean-field solution into the free energy expres-
sion. When we expand around the mean-field solution,
the first-order contribution to the free energy vanishes,
and the zeroth-order contribution to the free energy is
just the mean-field free energy F(0)

δQR(r, t|r′) )

- ∫ dr1 ∫ dt1GR(r, t|r1, t1)GR(r1, t1|r′, 0)δωR(r1) -

∫ dr1 ∫ dt1GR(r, t|r1, t1)δQR(r1, t1|r′)δωR(r1) (23)

δQR(r, t|r′) ) δQR
(1)(r, t|r′) + δQR

(2)(r, t|r′) + ... (24)

δQR
(n)(r, t|r′) ) (-)n ∫ dr1...drn ∫ dt1...

dtnGR(r, t|rn, tn)GR(rn, tn|rn-1, tn-1)...
GR(r2, t2|r1, t1)GR(r1, t1|r′, 0)δωR(r1)...δωR(rn) (25)

V

Z
ln Qc )

V

Z
ln Qc

(0) + ∑
n)1

∞ (-1)n

n!
×

∑
R1,...,Rn

∫ dr1...drnCR1,...,Rn
(r1,...,rn)δωR1

(r1)...δωRn
(rn)

(26)

φR(r) ) φR
(0)(r) + δφR(r)

ωR(r) ) ωR
(0)(r) + δωR(r)

η(r) ) η(0)(r) + δη(r)

λR ) λR
(0) + δλR (27)

Ω ) Ω(0) + Ω(1) + Ω(2) + ... (28)

Ω(0) ) ∫ dr[øφA(0)(r)φB(0)(r) - ∑
R

ωR
(0)(r)φR

(0)(r)] -

V

Z
ln Qc

(0)

-∫ dr[η(0)(r)(1 - ∑
R
φR
(0)(r)) + ∑

R
λR
(0)(φhR - φR

(0)(r))]

(29)

Ω(1) ) ∫ dr{[øφB
(0)(r) - ωA

(0)(r) + η(0)(r) +

λA
(0)]δφA(r) + [øφA

(0)(r) - ωB
(0)(r) + η(0)(r) +

λB
(0)]δφB(r) - ∑

R
[φR

(0)(r) - CR(r)]δωR(r) -

[1 - ∑
R
φR
(0)(r)]δη(r) - ∑

R
[φhR - φR

(0)(r)]δλR} (30)

Ω(2) ) ∫ dr{øδφA(r)δφB(r) - ∑
R

δφR(r)[δωR(r) -

δη(r) - δλR]} -
1

2
∑
R,â
∫ drdr′CRâ(r,r′)δωR(r)δωâ(r′)

(31)

Ω(n) ) -
(-1)n

n!
∑

R1,...,Rn

∫ ×
dr1...drnCR1,...,Rn

(r1,...,rn)δωR1
(r1)...δωRn

(rn) (32)

ωA
(0)(r) ) øφB

(0)(r) + η(0)(r) + λA
(0)

ωB
(0)(r) ) øφA

(0)(r) + η(0)(r) + λB
(0)

φR
(0)(r) ) CR

(0)(r)

1 ) ∑
R
φR
(0)(r)

0 ) ∫ dr[φhR - φR
(0)(r)] (33)
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The partition function of the melt can now be written
in the form

C. Gaussian Fluctuations and the Random
Phase Approximation. So far there has been no
approximation made in the theory. What we have
accomplished is the rewriting of the partition function
in the explicit form given above. In what follows we
will choose the zeroth-order solution as the mean-field
solution and keep only the expansion to the lowest
(second-order) order; thus we are only dealing with
Gaussian fluctuations around the mean-field solution.
We will also use the fact that the addition of a constant
to the field ωR(r) is equivalent to the addition of a
constant to the free energy, thus the constants δλR can
be neglected in the free energy (or absorbed into δη(r)).
These simplifications lead to the approximate partition
function of the system

where we have replaced the functional integral over
δη(r) by the explicit incompressibility condition, and the
Gaussian fluctuation free energy functional Ω(2) is given
by

In order to treat the incompressibility condition
explicitly, we use the condition δφA(r) + δφB(r) ) 0, and
introduce three new variables

In terms of these new variables, the partition function
of the diblock copolymers has the form

where the Gaussian fluctuation free energy functional
is given by

In the above expression for the free energy functional,
we have introduced three new quantities which are
combinations of the diblock copolymer correlation func-
tions

To proceed, we invoke the RPA, which is technically
equivalent to extremizing the free energy functional
with respect to δú(r) and δω(r). To eliminate the δú(r)
variable, we use the relation ∂Ω(2)/∂δú(r) ) 0, which
leads to

This relation can be used to eliminate δú(r) in the
theory. In order to achieve this, we introduce the
inverse functional operation ∑-1(r,r′) through the rela-
tion ∫dr′′∑-1(r,r′′)∑(r′′,r′) ) δ(r - r′). In terms of this
inverse relation, we have

Inserting this relation back into Ω(2), we have

It is clear from this expression that the incompressibility
condition contributes to the chain correlation function.
We can introduce an incompressibility corrected cor-
relation function by

and write the Gaussian fluctuation free energy in the
simpler form

We now use the same approximation to eliminate the
field variables δω(r). Minimizing the free energy func-
tion with respect to δω(r) leads to the relation ∂Ω(2)/
∂δω(r) ) 0. Explicitly, we have

Introducing the inverse operator of C̃(r,r′) through
∫dr′′C̃-1(r,r′′)C̃(r′′,r′) ) δ(r - r′), we can write

F(0) ) ∫ dr[øφA(0)(r)φB(0)(r) - ∑
R

ωR
(0)(r)φR

(0)(r)] -

V

Z
ln Qc

(0) (34)

Z ) exp[-F(0)] ∫∏
R

{DδφRDδωR dδλR}Dδη ×

exp[- ∑
n)2

∞

Ω(n)] (35)

Z ≈ exp[-F(0)] ∫∏
R

{DδφRDδωR}∏
{r}

δ[∑
R

δφR(r)] ×

exp[-Ω(2)] (36)

Ω(2) ) ∫ dr{øδφA(r)δφB(r) - ∑
R

δφR(r)δωR(r)} -

1

2
∑
R,â
∫ drdr′CRâ(r, r′)δωR(r)δωâ(r′) (37)

δφ(r) ) δφA(r) - δφB(r)

δω(r) ) 1
2
[δωA(r) - δωB(r)]

δú(r) ) 1
2
[δωA(r) + δωB(r)] (38)

Z ≈ exp[-F(0)]∫DδφDδωDδú exp[-Ω(2)] (39)

Ω(2) ) 1
2 ∫ drdr′{- ø

2
δ(r - r′)δφ(r)δφ(r′) -

2δ(r - r′)δφ(r)δω(r′) - C(r,r′)δω(r)δω(r′) -

2∆(r,r′)δω(r)δú(r′) - Σ(r,r′)δú(r)δú(r′)} (40)

C(r,r′) ≡ CAA(r,r′) - CAB(r,r′) - CBA(r,r′) + CBB(r,r′)

∆(r,r′) ≡ CAA(r,r′) + CAB(r,r′) - CBA(r,r′) - CBB(r,r′)

Σ(r,r′) ≡ CAA(r,r′) + CAB(r,r′) + CBA(r,r′) +
CBB(r,r′) (41)

∫ dr′{Σ(r,r′)δú(r′) + ∆(r,r′)δω(r′)} ) 0 (42)

δú(r) ) -∫ dr′dr′′Σ-1(r,r′)∆(r′,r′′)δω(r′′) (43)

Ω(2) ) 1
2 ∫ drdr′{- ø

2
δ(r - r′)δφ(r)δφ(r′) -

2δ(r - r′)δφ(r)δω(r′) - δω(r)δω(r′)[C(r,r′) -

∫ dr1dr2∆(r,r1)Σ-1(r1,r2)∆(r2,r′)]} (44)

C̃(r,r′) )

C(r,r′) - ∫ dr1dr2∆(r,r1)Σ-1(r1,r2)∆(r2,r′) (45)

Ω(2) ) 1
2 ∫ drdr′{-[ø2δφ(r)δφ(r′) +

2δφ(r)δω(r′)]δ(r - r′) - C̃(r,r′)δω(r)δω(r′)} (46)

∫ dr′C̃(r,r′)δω(r′) + δφ(r) ) 0 (47)
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Inserting this expression into Ω(2), we get

where the RPA correlation function [CRPA]-1(r,r′) is
defined by

which can be written in a imple form

where I ) δ(r - r′) is the unit operator.
The upshot of the above calculation is that the

partition function of the diblock melt can be written as
a Gaussian integral within the RPA. The RPA correla-
tion function can be calculated once the exactmean-field
solution is known. Because of the complex nature of
the problem, the mean-field equations have to be solved
numerically.
Technically, the RPA is simply the mean-field theory

applied to an ensemble in which δφ(r) is held fixed. To
the lowest order, the RPA free energy becomes

The RPA formalism can also be derived using the
concept of response functions. Formally the equations
above are identical to those for the high-temperature
RPA. The essential difference is that the independent
chain correlation functions CR,â(r,r′) arise from the full
mean-field solution and hence include the anisotropic
nature of the system. If the CR,â are replaced by the
correlation function for Gaussian coils we recover the
result of Leibler.13
D. Method of Solution: Reciprocal Space For-

malism. The above theoretical framework was devel-
oped in real space. In order to exploit the fact that the
ordered phases are broken symmetry phases, we now
formulate the theory in reciprocal space. To begin with,
we note that the symmetry of an ordered phase is
completely specified by a space group with a set of real
space lattice points {Rn} or the corresponding reciprocal
space lattice points {G}. The equilibrium density
profiles and the mean fields are periodic functions with
the periodicity of the lattice. Because the modified
diffusion equation can be regarded as a Schrödinger
equation with imaginary time, we can make use of
analogy with quantum mechanics by defining a “Hamil-
tonian”

where ωR(r) are the mean-field potentials. The sym-
metry of the ordered phase dictates that the mean fields
are periodic functions, ωR(r) ) ωR(r + Rn). According
to Bloch’s theorem,32 the eigenvalues εn

R(k) of the

Hamiltonian HR have a band structure, which can be
labeled by n and a wave vector k, where k is restricted
to the first Brillouin zone. The corresponding eigen-
functions have the form of a modulated plane wave

where the unk
R (r) are periodic functions, which are

solutions of the Schrödinger equation

Because the Hamiltonian is Hermitian, the eigenfunc-
tions are orthogonal and form a complete basis set

Because the eigenfunctions form a complete set, we can
use them as basis functions to formulate the theory.
This will allow us to take advantage of the symmetry
of the ordered phases. In particular, the mean-field
propagators QR(r, t|r′) can be written in the simple form

The RPA correlation function can, therefore, be ex-
pressed in terms of the eigenfunctions and eigenvalues
of the Hamiltonian. Moreover, the above result shows
that the single-chain propagatorsQR(r, t|r′) are diagonal
if we use the eigenfunctions ψnk

R (r) as our basis func-
tions, i.e.,

With these basis functions, the cumulant correlation
functions can be cast in the form

Using the eigenfunctions of the chain Hamiltonians HR
as the basis functions, it can be shown (see Appendix
B) that the cumulant correlation functions are diagonal
in the lattice wave vector k space

The details of calculating the nk space correlation
functions Cn

R and Cn,n′
Râ (k) are given in Appendix B. The

one- and two-point correlation functions in real space
are then given by

δω(r) ) - ∫ dr′C̃-1(r,r′)δφ(r′) (48)

Ω(2) ) 1
2 ∫ drdr′{C̃-1(r,r′) - ø

2
δ(r - r′)}δφ(r)δφ(r′)

) 1
2 ∫ drdr′[CRPA]-1(r,r′)δφ(r)δφ(r′) (49)

[CRPA]-1(r,r′) ) {C̃-1(r,r′) - ø
2

δ(r - r′)}-1
(50)

CRPA(r,r′) ) {[I - ø
2
C̃]-1C̃}(r,r′) (51)

F ) F(0) + 1
2 ∫ drdr′ [CRPA(r,r′)]-1δφ(r)δφ(r′) +

O(δφ3) (52)

HR ) -
bR
2

6
∇2 + ωR(r) (53)

ψnk
R (r) ) 1

xV
eik‚runk

R (r) (54)

[-
bR
2

6
(ik + ∇)2 + ωR(r)]unkR (r) ) εn

R(k)unk
R (r) (55)

1

V
∑
nk
eik‚(r-r′)unk

R (r)unk
R*(r′) ) δ(r - r′)

1
V ∫ dr ei(k-k′)‚runk

R (r)un′k′
R* (r) ) δn,n′δ(k - k′) (56)

QR(r, t|r′) ) ∑
nk
e-εn

R(k)tψnk
R (r)ψnk

R*(r′) (57)

Qnk,n′k′
R (t) ≡ ∫ dr ∫ dr′ψnk

R*(r)QR(r, t|r′)ψn′k′
R (r′)

) e-εn
R(k)tδn,n′δ(k - k′) (58)

CR(r) ) xV∑
nk
Cnk

R ψnk
R (r)

CRâ(r,r′) ) ∑
nk

∑
n′k′
Cnk,n′k′

Râ ψnk
R (r)ψn′k′

â* (r′) (59)

Cnk
R ) Cn

Rδk,0

Cnk,n′k′
Râ ) Cn,n′

Râ (k)δk,k′ (60)
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E. Special Case: Expansion around the High-
Temperature Solution. The simplest case is the
homogeneous phase at high temperatures; the RPA
correlation function in this case has been obtained by
Leibler.13 For the homogeneous phase, the mean fields
are constants, which can be taken as zero. The chain
Hamiltonian becomes the free-particle Hamiltonian.
The eigenfunctions and eigenvalues of the Hamiltonian
in this case are unk

R (r) ) 1 and εR(k) ) bR
2k2/6. There is

only one energy band for the homogeneous phase, so
that the band index n becomes redundant. The Fourier
components of the Bloch functions become unk

R (G) )
δG,0. The reduced integrals needed in the correlation
functions reduce to (see Appendix B)

We also have Qc ) 1 for the homogeneous phase. With
these expressions, the single-chain correlation functions
can be easily obtained, Cn

R ) ZR/Z ) φhR. In real space,
we have CR(r) ) φhR, as expected for a homogeneous
phase. The two-point correlation functions are

Here we have introduced the radii of gyration for the
two blocks RR ) b2ZR/6 and used the explicit form of
the function g(x) ) [1 - exp(-x)]/x. These correlation
functions for the homogeneous phase have been ob-
tained earlier.13 The RPA correlation function in k
space is

where the incompressibility-corrected noninteracting
correlation function C̃(k) is

and the quantities C(k), ∆(k), and Σ(k) are combinations
of CRâ(k)

The RPA correlation function obtained above is identical

to earlier work.13 For a block copolymer, the incom-
pressibility correction gives C̃(k) f 0 as k f 0.

IV. Effects of Anisotropic Fluctuations for
Lamellar Phase
A. Lamellar Phase. We now apply the theory to

the lamellar phase. For fixed ø, Z, f, and lamellar
periodicity L, we first solve the mean-field equations.
The free energy density is then minimized as a function
of L to obtain the equilibrium periodicity for the set of
ø, f, and Z. The detailed numerical studies of the
lamellar phases have been published elsewhere30 and
will not be repeated here. In what follows we will
formulate the theory in the planar geometry appropriate
for the lamellar phase. We then apply the theory to a
weakly segregated lamellar phase of a symmetric f )
1/2 diblock copolymer melt.
For the lamellar phase, the system is described by a

planar geometry. In particular, the mean-field solution
is homogeneous in the x - y direction and periodic in
the z direction. The mean-field potentials ωR(r) become
periodic functions along the direction perpendicular to
the layers, i.e.,

where m is an integer and L is the periodicity of the
layers. The polymer chain Hamiltonian may be sepa-
rated into the parallel and perpendicular parts

where we have written the spatial vector in the form r
) (x, z). The parallel and perpendicular Hamiltonians
are

where HR(x) corresponds to a two-dimensional Hamil-
tonian for a free particle, and HR(z) is the Hamiltonian
in the z direction, which has the same periodic proper-
ties as the mean-field potential ωR(z). The eigenfunc-
tions of the system can be separated into an x-depen-
dent part and a z-dependent part

where we have written the wave vector in the form k )
(q, kz). The corresponding eigenvalues have the form

The equations determining the eigenvalues and eigen-
functions are

The x-dependent eigenfunctions and eigenvalues are
easily found

CR(r) ) ∑
n

Cn
Run0

R (r)

CRâ(r,r′) ) ∑
n,n′

1

V
∑
k
Cn,n′

Râ (k)eik‚(r-r′)unk
R (r)unk

â* (r′) (61)

qn
R ) Γn,n′

Râ (k) ) Ψn1,n2,n3
R (k) ) 1 (62)

CAA(k) )
ZA
2

Z
2[(RAk)

2 - 1 + e-(RAk)2]

(RAk)
4

CAB(k) ) CBA(k) )
ZAZB

Z
1 - e-(RAk)2

(RAk)
2

1 - e-(RBk)2

(RBk)
2

CBB(k) )
ZB
2

Z
2[(RBk)

2 - 1 + e-(RBk)2]

(RBk)
4

(63)

CRPA(k) )
C̃(k)

1 - øC̃(k)/2
(64)

C̃(k) ) C(k) - ∆(k)(Σ(k))-1∆(k) (65)

C(k) ) CAA(k) + CBB(k) - 2CAB(k)

∆(k) ) CAA(k) - CBB(k)

Σ(k) ) CAA(k) + CBB(k) + 2CAB(k) (66)

ωR(r) ) ωR(z) ) ωR(z + mL) (67)

HR ) HR(x) + HR(z) (68)

HR(x) ) -
bR
2

6
∂
2

∂x2

HR(z) ) -
bR
2

6
∂
2

∂z2
+ ωR(z) (69)

ψnk
R (r) ) ψq

R(x)ψnkz
R (z) (70)

εn
R(k) ) ε

R(q) + εn
R(kz) (71)

HR(x)ψq
R(x) ) ε

R(q)ψq
R(x)

HR(z)ψnkz
R (z) ) εnkz

R ψnkz
R (z) (72)
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where A0 is the area of the system in the x - y direction.
The eigenvalue problem for the z-dependent part is
nontrivial in that it corresponds to a particle moving in
a periodic potential. According to Bloch’s theorem, the
eigenvalues of a particle moving in a periodic potential
form energy bands, which can be labeled by a band
index n and a wave vector kz which is restricted to the
first Brillouin zone (-π/L < kz e π/L). The correspond-
ing eigenfunctions are of the form

where we have defined the length of the system in the
z direction as L0. Therefore, the total volume of the
system is V ) A0L0, and the number of unit cells in the
z direction is L0/L. unkz(z) is a periodic function with
period L and obeys

The eigenfunctions of HR(z) form a complete basis set
and are orthogonal with the normalization

where the notation ∑nkz indicates a summation over n
and an integral over kz.
The fact that the x-dependent wave functions are

plane waves leads to simple expressions for the coef-
ficients required in the correlation functions (see Ap-
pendix B)

The expressions for the cumulant correlation functions
and, therefore, the RPA correlation functions can be
obtained in terms of these coefficients. In practice, the
mean-field equations of the system have to be solved
numerically. The resulting mean fields can then be
used to calculate the eigenvalues (energy bands) and
the eigenfunctions for the A and B blocks. These energy
bands and Bloch functions can be used to compute the
variety of correlation functions, and eventually the RPA
correlation function. The scattering function, the fluc-
tuating modes, etc., of the ordered phases can then be
obtained. This program has been implemented for the
lamellar phase and the results have been published.30
In what follows we will apply the theory to the weakly

segregated lamellas by assuming that the mean-field
solution contains only one mode.
B. Weakly Segregated Lamellas. In order to

illustrate the origin of the anisotropic fluctuations, we
consider a weakly segregated symmetric diblock melt
so that ZA ) ZB ) Z/2. Close to the order-disorder
point, øZ ≈ 10.5, the polymer concentrations can be
approximated by

where φ , 1 is the amplitude and L is the period of the
lamellar structure. Both φ and L are determined from
the mean-field equations. This simple form of the
polymer concentrations produces a set of self-consistent
mean fields of the form

where the amplitudes of the mean fields are obtained
from the mean-field equations

It should be noted that the Lagrangian factor η(z)
ensuring the incompressibility condition has been
omitted. It can be shown that η(z) has the form
η cos(4πz/L), and the amplitude η is much smaller than
φ, so that it can be neglected in the mean fields.
With the simple form for the potentials ωR(z), the

Schrödinger equation determining the eigenvalues and
eigenfunctions has the form

This equation corresponds to the Mathieu differential
equation34

where the new variables are defined by

and RR ) bR
2ZR/6 are the radii of gyration for the R

blocks. According to Floquet, the Mathieu equation has
solutions of the form34

where u(z̃) ) u(z̃ + lπ) and l an integer. According to
the values of parameters a and q, there are two types
of solutions: undamped waves modulated by u(z̃) (Bloch

ψq
R(x) ) 1

xA0

eiq‚x

ε
R(q) )

bR
2q2

6
(73)

ψnkz
R (z) ) 1

xL0

eikzzunkz(z) (74)

[-
bR
2

6 (ikz + ∂

∂z)
2

+ ωR(z)]unkz(z) ) εnkz
R unkz(z) (75)

∑
nkz

ψnkz
R (z)ψnkz

R* (z′) ) δ(z - z′)

∫ dzψnkz
R (z)ψn′k′z

R* (z) ) δ(kz - k′z)δn,n′ (76)

qn
R ) 1

L ∫0L dz un0R (z)

Γn,n′
Râ (kz) ) 1

L ∫0L dz unkzR* (z)un′kz
â (z)

Ψn1,n2,n3
R (kz) ) 1

L ∫0L dz un1kzR* (z)un20
R* (z)un3kz

R (z) (77)

φA(z) ) 1
2

+ φ cos 2πz
L

φB(z) ) 1
2

- φ cos 2πz
L

(78)

ωR(z) ) ωR cos
2πz
L

(79)

ωA ) -øφ

ωB ) øφ (80)

-
bR
2

6
d2ψR(z)

dz2
+ ωR cos

2πz
L

ψR(z) ) ε
RψR(z) (81)

d2ψ
dz̃2

+ (a - 2q cos 2z̃)ψ ) 0 (82)

z̃ ) πz/L

a ) 4
ε

RZR

(2πRR/L)
2

q ) 2
ωRZR

(2πRR/L)
2

(83)

ψ(z̃) ) u(z̃)eµz̃ + u(-z̃)e-µz̃ (84)
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waves) for µ ) ik and damped waves for complex µ. Only
the case of the undamped modulated waves is physically
interesting. The regions of existence of the modulated
waves form bands in the a-q plane (see Figure 1). For
q ) 0 (homogeneous phase), undamped waves exist for
all energy values a > 0. This case corresponds to the
energy spectrum of free particles εR ) bR

2kz
2/6, and the

resulting correlation functions are isotropic. For non-
zero q (periodic potentials), only finite regions of a are
possible for undamped waves (Figure 1). This corre-
sponds to the existence of energy bands, and the free
particle spectrum εR ) bR

2kz
2/6 has to be modified to

include the band structure. The appearance of energy
bands is an extremely important phenomenon in solid-
state physics in that it forms the basis for distinguishing
metals, semiconductors, and insulators. In the case of
diblock copolymers, the formation of energy bands is
associated with the broken symmetry in the system and
corresponds to the deviation of the spectrum from the
free-particle isotropic behavior. This naturally leads to
anisotropy in the correlation functions, reflecting the
fact that the fluctuations are inherently anisotropic for
a broken symmetry phase.
1. Mean-Field Theory. The mean-field solution of

the weakly segregated symmetric lamellar phase can
be found by using the fact that all the mean-field
equations involve only the kz ) 0 solutions of the system.
The Bloch functions ψnkz

R (z) at kz ) 0 reduce to periodic
functions un0

R (z). Because of the symmetry of the
lamellar phase, the solutions un0(z) are even functions
with period L. Since the eigenfunctions are related to
the Mathieu functions, the mean-field solution of the
problem requires Mathieu functions which are even
functions of period π. According to the theory of
Mathieu functions,34 these eigenfunctions are denoted
by ce2n(z̃,q) with the corresponding eigenvalues a2n(q).
The parameter q is proportional to the amplitude φ, so
that q , 1 for weak segregated lamellae. For small
values of q, the eigenvalues a2n(q) can be obtained as
expansions of q.34 The first few eigenvalues are

The corresponding eigenfunctions have the form

where the coefficients A2m
2n (q) can be obtained as ex-

pansions in terms of q.34 The normalization of these
functions is chosen so that

The eigenfunctions and eigenvalues for the A and B
blocks are then given in terms of the Mathieu functions

where the parameter X is defined by

The parameters qR are

Here we have used the relation for symmetric diblocks
RA ) RB ) b2Z/12. With the availability of the Mathieu
functions, the one-, two-, and three-point integrals qn

R,
Γn,n′

Râ (0), and Ψn,n′,n′′
R (0) can be evaluated. The results

can then be used to calculate the single-chain partition
function Q and the one-body correlation functions Cn

R.
After some lengthy computations, we obtain for the
single-chain partition function

where the function g2(X) is defined by

It should be noted that the independent-chain homo-
geneous-phase RPA correlation function is given by C(k)
) 2Zg2[(kR)2/2]. The one-point correlation functions
Cn

R can then be used to calculate the polymer concen-
trations, and straightforward calculations yield

Figure 1. Stability diagram for solutions of the Mathieu
equation.34 The solid and dotted lines represent the charac-
teristic curves an(q) and bn(q), which divide the a-q plane into
regions of stability and instability (shaded area). At q ) 0,
all values of a(q) > 0 are allowed. For the cases of small q
(dashed line), a gap occurs and the a(q) spectrum splits into
bands.

a0(q) ) - 1
2
q2 + 7

128
q4 + ...

a2(q) ) 4 + 5
12
q2 - 763

13824
q4 + ...

a4(q) ) 16 + 1
30
q2 + 433

864000
q4 + ... (85)

ce2n(z̃,q) ) ∑
m)0

∞

A2m
2n (q) cos(2mz̃) (86)

1
π ∫02π

ce2n(z̃,q)ce2n′(z̃,q) ) δn,n′ (87)

un0
R (z) ) x2ce2n(πzL ,qR)
εn

R(0)ZR ) X
4
a2n(q

R) (88)

X ) (2πRR

L )2 ) b2

6 (2π
L )2Z2 (89)

qA ) - øZφ
X

qB ) øZφ
X

(90)

Q ) 1 + 1
2
(øZφ)2g2(X) + ... (91)

g2(X) ) 2X - 3 + 4e-X - e-2X

4X2
(92)

φA(z) ) 1
2

+ [g2(X)(øZφ) - g4(X)(øZφ)
3] cos 2πz

L
+ ...

φB(z) ) 1
2

- [g2(X)(øZφ) - g4(X)(øZφ)
3] cos 2πz

L
+ ...

(93)
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where the function g4(X) is

In order to determine the equilibrium period L of the
system, we need to calculate the free energy density and
then to minimize the free energy density with respect
to L or, equivalently, to X. Inserting the mean-field
solution of φR(z), ωR(z), and Q into the mean-field free
energy, we obtain to lowest order

The minimization of the free energy density at the
lowest order is therefore equivalent to the maximum of
the function g2(X). The maximum of g2(X) occurs at X*
) 1.892 485 with g2(X*) ) 0.0952 847. The equilibrium
period is then given by L* ) 3.2296Rg ) 1.3185Z1/2b,
where Rg ) (b2Z/6)1/2 is the radius of gyration of the
polymer chains. The polymer concentrations are now
given by

where the coefficients are g2(X*) ) 0.095 284 66, g4(X*)
) 0.000 555 31. Self-consistency of the mean-field
equations requires that

where the critical value of øZ is given by (øZ)c )
1/g2(X*) ) 10.495. The solution of this mean-field
equation for φ can be easily found by plotting the left-
hand side (f1(φ) ) φ) and the right-hand side (f2(φ) )
øZ/(øZ)cφ - g4(X*)(øZφ)3) of the mean-field equation as
functions of φ (Figure 2). The existence of a nonzero
solution for φ depends on the initial slope øZ/(øZ)c of
the function f2(φ). The mean-field equation for the
amplitude φ has solution φ ) 0 if øZ < (øZ)c ) 10.495,
and for øZ > (øZ)c ) 10.495, the stable solution for φ is

Note that the exponent 1/2 is typical for mean-field
theories. This lowest-order mean-field solution derived
above could be obtained more conveniently using the
Landau free energy functional of Leibler.13 It should

be emphasized that the above mean-field solution is
obtained to the lowest order of φ, and there is no ø
dependence in the equilibrium period L at this order of
approximation. However, the inclusion of higher-order
terms will introduce a ø dependence into L, as demon-
strated by Olvera de la Cruz14,35 using the Landau free
energy functional of Leibler, and by many numerical
solutions of the mean-field theory.24
2. The Nature of the Anisotropic Fluctuations.

Because the Mathieu functions are described in the
literature, we can in principle use them as the eigen-
functions and proceed to calculate the correlation func-
tions. However, explicit forms for the eigenvalues and
the Mathieu functions for kz * 0 are not available.
Furthermore, because we are dealing with a weak
potential (ωR , 1), it is not necessary to use the general
solution for arbitrary values of ωR. Instead, we use a
perturbation scheme developed by Brillouin33 to calcu-
late the energy bands for the weakly segregated poten-
tial. We first write the potential ωR(z) in terms of a
Fourier series

where VR ) ωR/2, ωA ) -øφ, and ωB ) øφ. As mentioned
earlier, the eigenfunctions for a periodic potential have
the Bloch form

The periodic modulation factor ukz
R (z) can be expanded

in a Fourier series

Hence the eigenfunctions for the z direction have the
form

The first term of this equation corresponds to the

g4(X) ) 1
4608X4

(504X - 1647 + 2112Xe-X +

880e-X - 1056Xe-2X + 1776e-2X - 1152e-3X +
128e-4X + 16e-5X - e-8X) (94)

∆f ) 1
L∫0L dz{ø(φA(z) - 1

2)(φB(z) - 1
2) - ωA(z)φA(z) -

ωB(z)φB(z)} - 1
Z
ln Q

≈ 1
2

øφ2{1 - øZg2(X)} + ... (95)

φA(z) ) 1
2

+ φ cos 2πz
L

2 + [g2(X*)(øZφ) - g4(X*)(øZφ)
3] cos 2πz

L
+ ...

φB(z) ) 1
2

- φ cos 2πz
L

2 - [g2(X*)(øZφ) - g4(X*)(øZφ)
3] cos 2πz

L
+ ...

(96)

φ ) g2(X*)(øZφ) - g4(X*)(øZφ)
3 + ...

(øZ)cφ - g4(X*)(øZφ)
3 (97)

φ ) 1

xg4(X*)(øZ)3(
øZ
(øZ)c

- 1)1/2 (98)

Figure 2. Solution of the mean-field equation for the ampli-
tute φ. The dotted line is f1(φ) ) φ, and the solid lines are
f2(φ) ) g2(X*)øZφ - g4(X*)(øZφ)3.

ωR(z) ) VR[e
i(2πz/L) + e-i(2πz/L)] (99)

ψkz
R (z) ) 1

xL0

eikzzukz
R (z) (100)

ukz
R (z) ) ∑

n)-∞

+∞

cn
R(kz)e

i(2nπz/L)

kz + ∑
n)-∞
n*0

+∞

cn
R(kz)e

i(2nπz/L) (101)

ψkz
R (z) )

1

xL0

c0
R(kz)e

ikzz +
1

xL0

∑
n)-∞
n*0

+∞

cn
R(kz)e

i(kz+(2nπ/L))z

(102)

Macromolecules, Vol. 29, No. 20, 1996 Anisotropic Fluctuations in Block Copolymers 6497



solution for the homogeneous phase, the second term
accounts for the position-dependent amplitude of the
mean fields and can be taken as a perturbation term.
The energy spectrum (eigenvalues) εR(kz) is obtained by
substituting the solution into the Schrödinger equation.
Manipulation of the equation leads to the equations
determining the coefficients

where the new variables are defined by k0 ) 2π/L, k̃z )
kz/k0, εR(kz) ) (b2k0

2/6)ε̃R(kz), VR ) (b2k0
2/6)νR. For the

coefficients cn
R(kz) of the Bloch function, we have

Because the periodic potential is weak, we can make a
perturbation substitution in the denominator, ε̃R(kz) ≈
ε̃0

R(kz) ) k̃z
2, and discuss the behavior of cn

R(kz). Accord-
ing to the value of kz, we must distinguish two cases.
For the first case where k̃z

2 * (k̃z + n)2, the denomina-
tor is nonzero. In the weak-potential approximation,
the coefficient νR is small as well as the coefficients
cn

R(kz) of the Bloch function, with the exception of c0
R

(kz). In this case we have

The eigenfunctions have the form

where the coefficients c0
R(kz) are determined by the

normalization condition

The corresponding eigenvalues are

For small values of kz ∼ 0, the eigenvalues become
ε̃R(kz) ≈ (1 - 8νR

2)k̃z
2 - 2νR

2. From this expression it is
clear that the effect of a nonzero potential ωR for small
kz is to renormalize the Kuhn length along the z
direction into an effective bz < b,

The total eigenvalues are now of the form b2q2/6 +
bz
2kz

2/6, which is clearly anisotropic. Because bz < b,
the anisotropy introduced through εR(q,kz) ) b2q2/6 +
bz
2kz

2/6 breaks the circular symmetry of the scattering
function in the q - kz plane so that the scattering ring
becomes elongated in the kz direction. It should also
be noted that the effective Kuhn length introduced

above is closely related to the effective electron mass
introduced in solid-state physics.32
It is clear from these expressions that the perturba-

tion results given above break down when k̃z f k̃c )
(1/2, which leads us to consider the second case where
kz approaches the critical values kc ) (π/L. Here some
of the denominators in the perturbation expressions
become zero and the corresponding cn

R(kz) assumes high
values. From the behavior of the coefficients c0

R(kz) and
cn

R(kz) in the neighborhood of the critical values kc, we
can draw conclusions about the energy spectrum εR(kz)
curve near kc. From the equations for the coefficients,
we have near k̃z ) (1/2

where n ) (1. Independent of the value of kz, the
coefficient c0

R(kz) is in principle very large because the
denominator always tends to zero. Also, because ωn

R )
0 for |n| * 1, cn

R(kz) are vanishingly small for n * (1.
We therefore conclude that all the other coefficients
can be neglected for kz ) (π/L, except the coefficients
c0

R(kz) and c-1
R (kz). Because the eigenvalues and eigen-

functions have the symmetry that εR(-kz) ) εR(kz),
cn

R(-kz) ) c-n
R* (kz),

32 we only need to consider the cases
where kz g 0. Considering the two modes n ) 0 and n
) -1 only, the coefficients obey the equations

where we have written the eigenvalues in the form
ε̃R(kz) ) k̃z

2 + δεR(kz), and the wave vector in the form k̃z
) 1/2 + δ. These homogeneous and linear equations for
c0

R(kz) and c-1
R (kz) have a nontrivial solution if the

determinant of the coefficients vanishes, leading to the
eigenvalues

According to this result, the spectrum of the eigenvalues
εR(kz) near kz ) k0/2 ) π/L has two different values

That is, the eigenvalue spectrum becomes discontinuous
at kz ) π/L, and an “energy” gap, ∆εR(π/L) ) 2|VR| )
|ωR|, appears. There are only two gaps at kz ) (π/L
observed in our system since the only nonzero Fourier
components in the potential ωR(z) are for n ) (1. This
above argument applies to every |n| * 0. Energy gaps,
however, need not appear for every n. If the nth
coefficient ωn

R ) 0, the εR(kz) curve will become con-
tinuous at the points kz ) (nπ/L. For the special case
of a weakly segregated lamellar phase, we have ωn

R ) 0
for all |n| > 1. Therefore the eigenvalue spectrum of
the system has gaps only at kz ) (π/L, as shown in
Figure 3. Generically, the εR(kz) function is single-
valued and parabolic, as in the case of the homogeneous

[εR(kz) - (k̃z + n)2]cn
R(kz) - νR[cn-1

R (kz) + cn+1
R (kz)] ) 0

(103)

cn
R(kz) )

νR[cn-1
R (kz) + cn+1

R (kz)]

ε̃
R(kz) - (k̃z + n)2

(104)

c1
R(kz) ≈ -

νRc0
R(kz)

2k̃z + 1

c-1
R (kz) ≈

νRc0
R(kz)

2k̃z - 1
(105)

ukz
R (z) ≈ c0

R(kz)[1 -
νR

2k̃z + 1
eik0z +

νR

2k̃z - 1
e-ik0z] (106)

c0
R(kz) ≈ 1 -

4k̃z
2 + 1

(4k̃z
2 - 1)2

νR
2 (107)

ε̃
R(kz) ≈ k̃z

2 + 2νR
2/(4k̃z

2 - 1) (108)

bz
2 ) b2(1 - 8νR

2) (109)

cn
R(kz) )

νRc0
R(kz)

ε
R(kz) - (k̃z + n)2

c0
R(kz) )

νRcn
R(kz)

ε
R(kz) - k̃z

2
(110)

c-1
R (kz)[δε

R(kz) + 2δ] ) c0
R(kz)νR

c0
R(kz)δεkz

R ) c-1
R (kz)νR (111)

δεR(kz) ) -δ ( xδ2 + νR
2 (112)

ε(
R(k02 ) ) b2

6 (k02 )2 ( |VR| (113)
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phase, except for the critical points kz ) (π/L where
the εR(kz) curve has discontinuities and the energy splits
into two values (Figure 3, thick solid line). It should
be noted that we have used an extended zone scheme
in our description of the eigenvalues.32 In this repre-
sentation the nth energy band is attributed to the nth
Brillouin zone. Because of the periodicity of the wave-
number, the εR(kz) curve has a periodicity of 2π/L. When
we restrict ourselves to the reduced wavenumber kz, we
can assign all the energy bands to the first Brillouin
zone. This makes the εR(kz) relation multivalued and
the energy bands must be labeled by a corresponding
band number n; therefore, εR(kz) ) εn

R(kz). In what
follows we will use the extended zone scheme so that
the band index n is not necessary. The eigenvalues are
discontinuous at kz ) k0/2 ) π/L (see Figure 3),

The coefficients cn
R(kz) are obtained by inserting the

eigenvalues into their corresponding equations and by
the normalization requirement

Because the eigenvalues δεR(kz) ) -δ - (δ2 + νR
2)1/2 are

derived under the assumption that only the n ) 0 and
n ) -1 modes are important, they are valid only when
kz ∼ π/L, i.e., δ ∼ 0. For small values of δ, the
eigenvalues have the form

The coefficients c0
R and c-1

R are

The eigenfunctions of the system are then given by

The results obtained from our perturbation calcula-
tions show that there exist critical kz points at (π/L (the
Bragg points). The eigenvalues and eigenfunctions of
the chain Hamiltonian have a qualitatively different
behavior when kz is close to the Bragg points. In
particular, when kz is away from (π/L, the corrections
to the eigenfunctions and eigenvalues due to the weak
periodic potential ωR(z) are of the order O(ωR

2). On the
other hand, when kz ∼ (π/L, the corrections to the
eigenfunctions and eigenvalues due to the weak periodic
potential ωR(z) are of the order O(ωR). We can therefore
conclude that, to the lowest order of the perturbation,
the eigenfunctions of the system are well approximated
by the homogeneous eigenfunctions except when kz is
close to the Bragg point (π/L. The eigenvalue spectrum
of the diblocks in a weakly segregated lamellar phase
is well approximated by the homogeneous parabolic
relation except near the Bragg points k ) (π/L, where
the spectrum splits to form gaps of magnitude |ωR} )
øφ, i.e., the width of the gap is determined by the mean-
field amplitude φ (Figure 3).
In summary, the behavior of the eigenvalues and

eigenfunctions is, to the lowest order of the potential,
controlled by the variable δ ) kz/k0 - 1/2. For large
values of |δ|, e.g., |δ| g |νR|, the eigenfunctions and
eigenvalues are well described by the relations for the
homogeneous phase

For small values of |δ|, |δ| < |νR|, the eigenvalue
spectrum becomes discontinuous,

Because the variable δ is proportional to kz - π/L, the
eigenvalue spectrum near the Bragg point is again
parabolic. The corresponding eigenfunctions are

Figure 3. Eigenvalue spectrum for the weak potential eq 82.
The dotted curve is the parabolic spectrum for the homoge-
neous phase. The solid curves represent the band structure
when ωR ) øφ * 0.

ε
R(kz) )

b2k0
2

6 [14 + δ2 - xδ2 + νR
2] if kz e

π
L

ε
R(kz) )

b2k0
2

6 [14 + δ2 + xδ2 + νR
2] if kz > π

L
(114)

c0
R(kz) )

νR

xνR
2 + [δεR(kz)]

2

c-1
R (kz) )

δεR(kz)

xνR
2 + [δεR(kz)]

2
(115)

δεR(kz) ≈ -δ - |νR| - δ2

2|νR|
+ ... (116)

c0
R ≈ 1
x2

νR

|νR|(1 -
δ

2|νR|
- δ2

8νR
2) + ...

c-1
R ≈ -

1
x2(1 ( δ

2|νR|
- δ2

8νR
2) + ... (117)

ukz
R (z) ≈ 1

x2[ νR

|νR|(1 -
δ

2|νR|
- δ2

8νR
2) -

(1 ( δ
2|νR|

- δ2

8νR
2)e-ik0z] (118)

ε
R(kz) ≈

b2kz
2

6
+ O(ωR

2)

ukz
R (z) ≈ 1 + O(ωR) (119)

ε
R(kz) )

b2k0
2

6 [14 - |νR| - ( 1
2|νR|

- 1))δ2] if kz e
π
L

ε
R(kz) )

b2k0
2

6 [14 + |νR| + ( 1
2|νR|

+ 1))δ2] if kz > π
L

(120)

ukz
R (z) ) 1

x2[ νR

|νR|(1 - δ
2|νR|

- δ2

8νR
2) -

(1 + δ
2|νR|

- δ2

8νR
2)e-ik0z] δ e 0
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These eigenfunctions correspond to standing waves in
the system. Therefore, the appearance of the energy
gap corresponds to the formation of standing waves in
the system. Because the energy gap appears at nonzero
Fourier components of the potential ωR(r), which cor-
responds to the appearance of an ordered structure,
there is an intrinsic relationship between the symmetry
breaking in the system and the gaps in the eigenvalues.
With the availability of the eigenvalues and eigen-

functions, it is straightforward to compute the block
copolymer correlation functions and RPA density-
density correlation functions according to the procedure
given above. For the weakly segregated lamellae within
the one-mode approximation, we see that there are two
sources contributing to the anisotropic correlation func-
tions. The first is the renormalization of the Kuhn
length arising from the correction to the eigenvalues;
the second is the strong resonant scattering at kz ) (k0/
2, leading to the appearance of gaps in the eigenvalue
spectrum. The scattering function changes from iso-
tropic ringlike behavior to anisotropic behavior with two
strong peaks at the Bragg points k ) (π/L. Further-
more, the coupling between the x - y modes and the z
mode through the non-Gaussian correlation functions
leads to additional scattering peaks corresponding to the
fluctuating layers. The lamellar phase RPA scattering
functions are given in ref 30.

V. Conclusions and Discussions
A general theoretical framework for the study of

anisotropic fluctuations in ordered block copolymer
systems has been developed. The theory is based on a
systematic expansion around the broken-symmetry
ordered mean-field solution. The truncation of the
theory at the Gaussian fluctuation level and the ap-
plication of the random phase approximation result in
a density-density correlation function Cn,n′

RPA(k), which
contains information about the anisotropic composition
fluctuations in the system and can be measured by
scattering experiments. Methods of calculating the
polymer correlation functions in an inhomogeneous
phase are developed. It has been shown that the
important quantities controlling the fluctuations are the
spectra of the eigenvalues of the chain Hamiltonian HR
and the corresponding eigenfunctions. The eigenvalues
and eigenfunctions correspond to the energy bands and
wave functions for an electron in a periodic potential
ωR(r). The calculation of the RPA correlation functions
for block copolymers is therefore equivalent to band
structure calculations in solid-state physics, and many
methods developed for the band structure calculations
can be used for the polymer problem. The calculated
correlation function can be used to study the stability
and the elastic properties of the ordered phases, as has
been demonstrated for the lamellar phase.30 The cal-
culated scattering functions correspond to all the es-
sential features of experimental measurements.
In order to illustrate the mean features of the aniso-

tropic fluctuations, a weakly ordered lamellar phase was
studied in detail using perturbation theory. The most
important feature emerging from the theory is the
appearance of a band structure in the eigenvalues of

the problem. The appearance of gaps in the energy
band is related to the broken symmetry of the system.
For the lamellar phases, the first gap appears at kz )
k0/2, resulting in the most unstable fluctuation modes
at kz ) k0/2.30 Although the perturbation theory was
presented for the lamellar phase, the generic conclusion
from the theory applies to any ordered phase.32 In
particular, when the wave vector k lies on a Bragg plane
defined by k2 ) (k - G)2, the eigenvalue of the chain
Hamiltonian has the form ε0(k) ( |VG|, resulting in a
gap of order 2|VG| if the Fourier component of the
potential at G is not zero (VG * 0).
It is appropriate to compare the theory developed in

this paper and the Brasovskii-Fredrickson-Helfand
(BFH) theory.25,26 We start with the exact expansion
of the free energy functional in terms of fluctuations (eqs
28-32). The Gaussian fluctuation theory developed in
our paper is obtained by neglecting the higher-order
terms Ω(n) (n > 2) but treating the Gaussian fluctuations
exactly. The BFH theory is developed using several
approximations: (1) the ωR(r) field variables are elimi-
nated using the RPA,13 resulting in a Landau free
energy functional; (2) the Landau free energy functional
is reduced to the Brasovskii form;25 and (3) the fluctua-
tions are treated using a self-consistent Hartree ap-
proximation,26 resulting in a renormalized Landau free
energy functional. The renormalization Landau free
energy is then treated using the mean-field approxima-
tion. For the symmetric diblock copolymer (f ) 1/2),
mean-field theory predicts a continuous order-disorder
transition.13 The inclusion of the fluctuations within
the BFH theory results in a weakly first-order phase
transition in this case. On the other hand, the Gaussian
fluctuation approximation cannot be used at the critical
point. The use of the Landau free energy functional
restricts the validity of the BFH theory to the weak
segregation regime, while our Gaussian fluctuation
theory applies to the whole phase space except the
critical point. Therefore, the two theories complement
each other.
The general theoretical framework developed in our

paper provides a promising technique for the study of
the physical properties of ordered microphases of block
copolymer melts, as demonstrated for the lamellar
phase.30 The calculated RPA correlation functions for
the ordered phases characterize the anisotropic fluctua-
tions. The origin and nature of the anisotropic fluctua-
tions can be attributed to the formation of a band
structure for the eigenvalues of the correlation func-
tions. The gaps in the spectrum lead to unstable modes,
which are observed as scattering peaks in scattering
experiments. Future applications of the theory will
include calculations of the RPA correlation functions for
the complex block copolymer phases, and the effects of
fluctuations on the first-order phase boundaries of the
system.
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Appendix A: Expansion of Qc

In this appendix we outline the derivation of the
single-chain partition function Qc as an expansion in
terms of the variables δωR(r). The formal solution of
the propagators allows us to obtain the solution for δQR

ukz
R (z) ) 1

x2[ νR

|νR|(1 + δ
2|νR|

- δ2

8νR
2) +

( 1 - δ
2|νR|

- δ2

8νR
2)e-ik0z] δ > 0 (121)
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by iteration

where the nth-order solution is

Therefore the perturbation solution of the propagators
has the form

Using the perturbation solution of QR(r, t|r′), the single
chain partitionQc can be obtained as a series in the δωR.
The expansion of Qc can be written in a more symmetric
form by introducing the symmetrized n-point correlation
functions CR1,...,Rn

(n) (r1,...,rn) in the fields ωR
(0)(r),

where the CR1,...,Rn

(n) (r1,...,rn) are the appropriate combi-
nations of the single-chain correlation functions GR, and
the summation over Rn is for Rn ) A, B. These
correlation functions can be written in terms of the
zeroth order propagators QR(r, t|r′) using the relation

Note that we have neglected the superscript in
Q(0)(r, t|r′) to simplify the notation, and in what follows
Q(r, t|r′) represent the zeroth order propagator. We will
also drop the superscript 0 in the cumulant correlation
functions, with the understanding that these correlation
functions are determined in the mean fields. The chain
conformation contribution to the free energy functional
can be obtained by using the relation

The single-chain partition function term has the free
energy in the form of an expansion

where the coefficients CR1,...,Rn(r1, ..., rn) are given in
terms of the single-chain correlation functions CR1,...,Rn

(n)

(r1,...,rn). Physically the CR1,...,Rn(r, ..., rn) is the nth
order cumulant correlation function for a noninteracting
diblock chain in the field ωR

(0)(r). The lowest-order
cumulant correlation functions are

where we have used the fact that, in the thermodynamic
limit, the second term in CRâ (which is proportional to
1/V) can be ignored. The single-chain mean-field parti-
tion function Qc is given by

It should be noted that these two-point correlation

δQR(r, t|r′) ) δQR
(1)(r, t|r′) + δQR

(2)(r, t|r′) + ... (A1)

δQR
(n)(r, t|r′) ) (-)n ∫ dr1...drn ∫dt1...

dtnGR(r, t|rn, t4n)GR(rn, tn|rn-1, tn-1)...
GR(r2, t2|r1, t1)GR(r1, t1|r′, 0)δωR(r1)...δωR(rn) (A2)

QR(r, t|r′) ) QR
(0)(r, t|r′) + ∑

n)1

∞

(-)n ∫ dr1...drn ×
∫ dt1...dtnGR(r, t|rn, tn)GR(rn,tn|rn-1, tn-1)...

GR(r2, t2|r1, t1)GR(r1, t1|r′, 0)δωR(r1)...δωR(rn) (A3)

Qc ) Qc
(0) + Qc

(1) + Qc
(2) + ...

0 +
1

V
∑
n)1

∞

∑
R1,...Rn

(-)n

n!
∫ dr1...drnCR1,...,Rn

(n) ×

(r,...,rn)δωR1
(r1)...δωRn

(rn) (A4)

GR(r, t|r′, t′) ) θ(t - t′)QR(r, t - t′|r′) (A5)

ln
Qc

Qc
(0)
≈ Qc

(1)

Qc
(0)

+
Qc
(2)

Qc
(0)

- 1
2(Qc

(1)

Qc
(0))2 + ... (A6)
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(0) -
1
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∑
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1
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∑
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∫ drdr′{CRâ
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1
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(0)V
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(1)(r)Câ

(1)(r′)}δωR(r)δωâ(r′) + ... )

V
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∑

R1,...,Rn

∫ dr1...drn ×
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(r1)...δωRn
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CA(r) ) 1
QcZ
∫0ZA dt ∫ dr1dr2dr3QA(r1, t|r) ×

QA(r, ZA - t|r2)QB(r2, ZB|r3)

CB(r) ) 1
QcZ
∫0ZB dt ∫ dr1dr2dr3QB(r1, t|r) ×

QB(r, ZB - t|r2)QA(r2, ZA|r3) (A8)

CAA(r, r′) ) 1
QcZ
∫0ZA dt ∫0t dt′ ∫ dr1dr2dr3 ×

[QA(r1, ZA - t|r)QA(r, t - t′|r′)QA(r′, t′|r2) ×
QB(r2, ZB|r3) + QB(r1, ZB|r2)QA(r2, ZA - t|r) ×

QA(r, t - t′|r′)QA(r′, t′|r3)]

CAB(r,r′) )
1
QcZ
∫ZA0 dt ∫0ZB dt′ ∫ dr1dr2dr3QA(r1, ZA -

t|r)QA(r, t|r2)QB(r2, t′|r′)QB(r′, ZB - t′|r3)

CBA(r, r′) )
1
QcZ
∫0ZA dt ∫0ZB dt′ ∫ dr1dr2dr3QB(r1, ZB -

t|r)QB(r, t|r2)QA(r2, t′|r′)QA(r′, ZA - t′|r3)

CBB(r, r′) )
1
QcZ
∫0ZB dt ∫0t dt′ ∫ dr1dr2dr3[QB(r1, ZB -

t|r)QB(r, t - t′|r′)QB(r′, t′|r2)QA(r2, ZA|r3) +
QA(r1, ZA|r2)QB(r2, ZB - t|r) ×

QB(r, t - t′|r′)QB(r′, t′|r3)] (A9)

Qc ) 1
V ∫ dr1dr2dr3QA(r1, ZA|r2)QB(r2, ZB|r3) (A10)
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functions have the symmetries CRâ(r, r′) ) CâR(r′, r),
i.e., the matrix CRâ(r, r′) is real and symmetric.

Appendix B: Reciprocal Space Formulation
Here we give a detailed exposition of the correlation

functions in terms of the eigenfunction and eigenvalues
of the chain Hamiltonian HR. Using the eigenfunctions
of HR as the basis functions, the one- and two-point
cumulant correlation functions can be cast in the form

It will be useful to define one-, two-, and three-point
integrals

The factors involving V1/2 in the above expressions are
introduced for convenience. As has been stated in the
main text, the mean-field propagators can be written
in terms of the eigenfunctions. Inserting the expres-
sions for QR(r, t|r′) into the correlation functions, we can
perform the integrals over the t variables and obtain
simple expressions for the correlation functions in the
reciprocal space. In terms of the eigenfunctions, the
one-body correlation functions can then be written as

where the function g(x) is defined by

The expressions for the two-body correlation functions
are

The mean-field single-chain partition function Qc can
also be cast in terms of these integrals

We now consider the most general case, in which the
only restriction is that the mean fields ωR(r) are periodic
functions. As we have mentioned before, the eigenfunc-
tions for the chain Hamiltonian are Bloch functions of
the form

where unk
R (r) are periodic functions, and the factor

1/(V)1/2 is introduced for convenience. In order to
proceed, we expand the periodic function unk

R (r) using
the reciprocal lattice vectors of the system

where {G} are the reciprocal lattice points of the ordered
phase under consideration. Because the mean fields
ωR(r) can be expanded in the form

the Schrödinger equation becomes

This result for different reciprocal lattice vectors G
generates an infinite number of equations. The condi-
tion of having a nonzero solution is that the determinant

Cnk
R ) 1

xV ∫ drψnk
R*(r)CR(r) (B1)

Cnk,n′k′
Râ ) ∫ dr ∫ dr′ψnk

R*(r)CRâ(r, r′)ψn′k′
â (r′)

(B2)

qnk
R ≡ 1

xV ∫ drψnk
R (r)

Γnk,n′k′
Râ ≡ ∫ drψnk

R*(r)ψn′k′
â (r)

Ψnk,n′k′,n′′k′′
R t xV ∫ drψnk

R*(r)ψn′k′
R* (r)ψn′′k′′

R (r) (B3)

Cnk
A )

ZA

QcZ
∑
n1k1

∑
n2k2

∑
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g[εn1
A (k1)ZA - εn2

A (k2)ZA] ×

e-εn2
A (k2)ZA-εn3

B (k3)ZBqn1k1
A Ψnk,n1k1,n2k2

A Γn2k2,n3k3
AB qn3,k3

B*
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B )

ZB
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∑
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∑
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∑
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A (k3)ZAqn1k1
B Ψnk,n1k1,n2k2

B Γn2k2,n3k3
BA qn3k3

A* (B4)

g(x) ≡ 1 - e-x

x
(B5)
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AA )
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2
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∑
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∑
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∑
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∑
n4k4
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g[εn2
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×
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AB qn4k4
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B ]
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∑
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∑
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∑
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∑
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εn1
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B (k3)ZB - εn4
B (k4)ZB]e
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A (k1)ZA-εn4
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qn1k1
A Ψnk,n1k1,n2k2
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AB Ψn′k′,n4k4,n3k3

B* qn4k4
B*

Cnk,n′k′
BA )

ZAZB

QcZ
∑
n1k1

∑
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∑
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∑
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εn1
B (k1)ZB]g[εn3

A (k3)ZA - εn4
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B (k1)ZB ×
qn1k1
B Ψnk,n1k1,n2k2

B Γn2k2,n3k3
BA Ψn′k′,n4k4,n3k3

A* qn4k4
A*

Cnk,n′k′
BB )

ZB
2

QcZ
∑
n1k1

∑
n2k2

∑
n3k3

∑
n4k4

g[εn2
B (k2)ZB - εn1

B (k1)ZB] - g[εn3
B (k3)ZB - εn1

B (k1)ZB]

εn3
B (k3)ZB - εn2

B (k2)ZB

×

e-εn1
B (k1)ZB-εn4

A (k4)ZA ×
[qn1k1

B Ψnk,n1k1,n2k2
B Ψn′k′,n3k3,n2k2

B* Γn3k3,n4k4
BA qn4k4

A* +

qn1k1
B* Ψnk,n3k3,n2k2

B Ψn′k′,n1k1,n2k2
B* Γn3k3,n4k4

BA* qn4k4
A ] (B6)

Qc ) 1
V ∫ dr1dr2dr3QA(r1, ZA|r2)QB(r2, ZB|r3)

n1k1∑
n2k2

e-εn1
A (k1)ZA-εn2

B (k2)ZBqn1k1
A Γn1k1,n2k2

AB qn2k2
B* (B7)

ψnk
R (r) ) 1

xV
eik‚runk

R (r) (B8)

unk
R (r) ) ∑

G
unk

R (G)eiG‚r (B9)

ωR(r) ) ∑
G

ωR(G)eiG‚r (B10)

[b26 (k + G)2 - εnk
R ]unkR (G) + ∑

G′
ωR(G - G′)unk

R (G′) ) 0

(B11)
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of the system vanishes

The order of this determinant is infinite. In practice,
we can only deal with a finite determinant; e.g., if we
take 200 plane waves, we will have a determinant of
order 200, and the solution of the eigenvalue equation
gives 200 eigenvalues εnk

R (n ) 1, 2, ..., 200). The
energy bands are obtained by changing the values of
the k’s in the Schrödinger equation.
The required integrals can now be cast using the

Bloch functions. In particular, we have

Since k is restricted in the first Brillouin zone, the
condition k ) G leads to k ) G ) 0. Therefore we have
for the one-point integrals

where the reduced one-point integrals qn
R are given by

Let us now consider the two-point integrals. Using
the Bloch functions and integrating out the r variable,
we have

The delta function in the above expression δk-k′,K
requires that k - k′ equals a reciprocal lattice vector
K. Since both k and k′ are restricted in the first
Brillouin zone, this condition puts a severe restriction
on the values of K. We note that K ) 0 is always
allowed, which leads to δk-k′,K ) δk,k′δK,0. It is possible
to prove that K ) 0 is the only solution for the
requirement k - k′ ) K: (a) It is obvious that the only
possible K’s are the nearest and (possibly) the next-
nearest neighbors to the lattice point K ) 0; (b) the
possible k and k′ values are confined by the two
perpendicular planes bisecting K and -K; (c) for any
vector k′ within the first Brillouin zone, the vector k′ +
K is always outside the first Brillouin zone, except that
k′ is on the plane bisecting -K; (d) when k′ is on the
plane bisecting -K, the sum k′ + K is at the corre-
sponding point on the plane bisecting K. However,
these two points are degenerate and only one of them
can be included in the spectrum for a given band.
Therefore it is not possible to have nonzero K so that k
- k′ ) K, and the two-point integrals are diagonal in
the k space

where the reduced two-point integrals Γn,n′
Râ (k) are

given by

For the three-point integrals, the integral over the
spatial variables leads to

Again, the delta function δk1+k2-k3+G1+G2-G3,0 requires
that k + k2 - k3 ) K is a reciprocal lattice vector, which
puts severe restrictions on the possible values of K. A
detailed consideration is needed to obtain the possible
values ofK. There is, however, a simplification in that,
for all the three-body integrals needed in the first- and
second-order cumulant correlation functions, one of the
k’s is always zero. Therefore, the three-body restriction
reduces to the two-body restriction, k1 - k2 ) K. The
fact that there is always one k ) 0 in Ψ can be seen
easily from the expressions for the correlation functions
by noting that the one-body and two-body integrals have
the generic form given above. These expressions ensure
that the needed three-point integrals have at least one
k ) 0. Using the expressions for the Ψ’s, we have

where the reduced three-point integrals Ψn1,n2,n3
R (k) are

given by

We can now use these reduced three-body integrals
to eliminate the sums over k’s in the correlation
functions. After some simple manipulations, we obtain
the expressions for the cumulant correlation functions
and the single-chain partition function. For the one-
point correlation functions we have

det|[b26 (k + G)2 - εnk
R ]δG,G′ + ωR(G - G′)| ) 0 (B12)

qnk
R ≡ 1

xV ∫ drψnk
R (r)

) ∑
G
unk

R (G)
1

V
∫ drei(k+G)‚r

) ∑
G
unk

R (G)δk+G,0 (B13)

qnk
R ) unk

R (0)δk,0
) qn

Rδk,0 (B14)

qn
R ) un0

R (0) (B15)

Γnk,n′k′
Râ ≡ ∫ drψnk

R*(r)ψn′k′
â (r)

) ∑
G

∑
K
unk

R*(G)un′k′
â (G + K)δk-k′,K (B16)

Γnk,n′k′
Râ ) ∑

G
unk

R*(G)un′k
â (G)δk,k′

) Γn,n′
Râ (k)δk,k′ (B17)

Γn,n′
Râ (k) ) ∑

G
unk

R*(G)un′k
â (G) (B18)

Ψn1k1,n2k2,n3k3
R ≡ xV ∫ drψn1k1

R* (r)ψn2k2
R* (r)ψn3k3

R (r)

) ∑
G1

∑
G2

∑
G3

un1k1
R* (G1)un2k2

R* (G2)un3k3
R

(G3)δk1+k2-k3+G1+G2-G3,0
(B19)

Ψn1k1,n20,n3k3
R ) ∑

G1

∑
G2

∑
G3

un1k1
R* (G1)un20

R* (G2)un
k3

R

(G3)δk1-k3+G1+G2-G3,0

) ∑
G1

∑
G2

un1k1
R* (G1)un20

R* (G2)un3K1

R

(G1 + G2)δk1,k3
) Ψn,n2,n3

R (k1)δk1,k3 (B20)

Ψn1,n2,n3
R (k) ) ∑

G1

∑
G2

un1k
R* (G1)un20

R* (G2)un3k
R (G1 + G2)

(B21)

Cn
A )

ZA

QcZ
∑

n1,n2,n3

g[εn1
A (0)ZA -

εn2
A (0)ZA]e

-εn2
A
(0)ZA-εn3

B
(0)ZBqn1

A Ψn,n1,n2
A (0)Γn2,n3

AB (0)qn3
B*
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For the two-point correlation functions we have

For the single-chain mean-field partition function Qc,
we obtain

In all these expressions, the required quantities are the
reduced one-, two-, and three-point integrals of the
eigenfunctions

where unk
R (r) are the periodic parts of the Bloch func-

tions, Vc is the volume of the unit cell, and the integrals
are over one unit cell.
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